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Preface

This monograph has been written to illustrate the interlocking of theory, al-
gorithm, and application in developing solution techniques for complex PDE
systems. A deep theoretical understanding is necessary to produce a powerful
idea leading to a successful algorithm. Efficient and robust implementation is
the key to make the algorithm perform satisfactorily. The extra insight obtained
by solving real-life problems brings out the structure of the method more clearly
and often suggests ways to improve the numerical algorithm.

It is my intention to impart the beauty and complexity found in both the theo-
retical investigation of the adaptive algorithm proposed here, i.e.; the coupling
of Rosenbrock methods in time and multilevel finite elements in space, and its
realization. I hope that this method will find many more interesting applica-
tions.

Berlin-Dahlem, Januar 1999 Jens Lang
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Introduction

Diverse physical phenomena in such fields as biology, chemistry, metallurgy,
medicine, and combustion are modelled by systems of nonlinear parabolic par-
tial differential equations (PDEs). Nowadays there is an increasing activity
in mathematics to analyse the properties of such models, including existence,
uniqueness, and regularity of their solutions (e.g. AMANN [6], LUNARDI [97]).
Due to the great complexity of such systems only little is known about true
solutions. Furthermore, the permanent advance in computational capabilities
allows the incorporation of more and more detailed physics into the models.
Apart from a few situations, where mathematical analysis can actually be ap-
plied, the numerical analysis of PDEs is the central tool to assess the modelling
process for large scale physical problems. In fact, a posteriori error estimates
can be used to judge the quality of a numerical approximation and to deter-
mine an adaptive strategy to improve the accuracy where needed. In such a
way numerical and modelling errors can be clearly distinguished with the effect
that the reliability of the modelling process can be assessed. Moreover, success-
ful adaptive methods lead to substantial savings in computational work for a
given tolerance. They are now entering into real-life applications and starting
to become a standard feature of modern software.

In this work, we concentrate on nonlinear parabolic systems which can be writ-
ten as abstract Cauchy problems of the form

Su=F{tu), uw0)=u, 0<t<T,

where the vector—valued solution is supposed to be unique and temporally
smooth, at least after an initial transitional phase. Our main assumption which
gives a parabolic character to this problem is that for each v and ¢ the Fréchet
derivative A = —9, F(t,u) is a negative infinitesimal generator of an analytic
semigroup (see e.g. AMANN [5]). Because analytic semigroups are generated by
sectorial operators, the eigenvalues of A + kI, where > 0 is sufficiently large,
belong to a sector {A : |arg(A)| < ¢, ¢ < m/2} in the right complex half plane.

It is well-known that differential operators give rise to infinite stiffness. There-
fore, often an implicit discretization method coupled with a Newton—like itera-
tion is applied to integrate in time. Investigating the convergence of Newton’s
method in function space, DEUFLHARD [47] pointed out that one calculation
of the Jacobian or an approximation of it per time step is sufficient to inte-
grate stiff problems efficiently. In this work, we use linearly implicit methods of
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Rosenbrock type which are constructed by working the exact Jacobian directly
into the formula (ROSENBROCK [118]). These methods offer several advantages.
They completely avoid the solution of nonlinear equations, which means that
no Newton iteration has to be controlled. There is no problem to construct
Rosenbrock methods with optimal linear stability properties for stiff equations.
Because of their one—step nature, they allow a rapid change of step sizes. Last
but not least, they are very easy to program — as simple as explicit methods.
Most of the knowledge about linearly implicit methods can be found in the books
of STREHMEL & WEINER [137], HAIRER & WANNER [72], and DEUFLHARD &
BORNEMANN [48].

Our aim is to analyse and to design an adaptive algorithm for nonlinear parabolic
systems with time- and solution-dependent operators, where linearly implicit
methods in time are coupled with multilevel finite elements in space. The time
steps and the mesh sizes are automatically chosen during the integration in order
to control the discretization error with respect to a prescribed tolerance given
by the user. Apart from a few results for semilinear and quasilinear equations,
it seems that this has not been studied previously. There are, however, a num-
ber of different adaptive techniques which can be classified by the discretization
sequence used. A posteriori error estimates for parabolic equations have been
developed primarily within the classical method of lines approach (MOL). Dis-
cretizing in space first, the time—dependent PDE is transformed into an ODE-
system which can be solved by an appropriate variable step—size time integrator.
The accuracy in space is controlled by a posteriori error estimators constructed
for stationary problems (e.g. BIETERMAN and BABUSKA [27], ADJERID and
FLAHERTY [2], TROMPERT and VERWER [141], MooORE [103], Nowak [106],
VANDE WOUWER, SAUCEZ, and SCHIESSER [143], BERZINS, CAPON, and JI-
MACK [25]). More recently, the reverse discretization sequence, first in time
then in space, known as Rothe’s method has been investigated. Interpreting
the time—dependent PDE as an ODE in a Hilbert (or Banach) space, the tem-
poral error can be estimated by classical ODE—procedures. The spatial dis-
cretization is considered as a perturbation of the time integration and can be
assessed by standard error estimators for stationary problems (e.g. BORNE-
MANN [29, 30, 31], LaNG and WALTER [88], LaNG [84]). For a comparative
study of the MOL and Rothe’s approach we refer to DEUFLHARD, LANG, and
Nowak [49]. A third possibility is to discretize simultaneously in space and time
employing a discontinuous Galerkin method and to apply coupled space—time
estimators (e.g. ERIKSSON and JOHNSON [55], VERFURTH [146]). The method
of Moving Finite Elements invented by MILLER and MILLER [102] is a further
way of adaptively solving PDEs using mesh points which automatically move in
the space-time domain. The physical PDE is replaced by an extended system
of the PDE and the so-called moving mesh equation (e.g. BAINES [13], HuaNG
and RUSSELL [76], ZEGELING [153]).

In this work, we follow Rothe’s approach. In Chapter II the nonlinear parabolic

problem is introduced in a Hilbert space setting. We summarize known conver-
gence results for Rosenbrock methods applied to partial differential equations.
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It is a known fact that Rosenbrock methods suffer from order reduction, i.e.,
the classical order in general cannot be achieved. This phenomenon has also
been seen for implicit Runge—Kutta and extrapolation methods. Sharp error es-
timates showing fractional orders of convergence were established in a sequence
of papers by LUBICH, OSTERMANN, and ROCHE [107, 108, 94, 95]. Fortunately,
there are conditions which imply higher order of convergence for Rosenbrock
methods (LUBICH and OSTERMANN [95]).

In Chapter III, we investigate the approximation properties of finite elements
applied to spatial discretization of Rosenbrock schemes. For this, we use a
perturbation technique proposed by LUBICH and OSTERMANN [94] for Runge—
Kutta approximations of quasilinear parabolic problems. Application of re-
solvent, bounds and standard finite element techniques yields full spatial con-
vergence order. Global error estimates are given in large generality, including
discrete versions of the C°([0,7]; L?)-norm, that is, the maximum L?> norm in
space taken over all time levels, or the L2(0,T; H')-norm which measures also
spatial derivatives of the error. The results remain valid for variable step sizes
satisfying the condition of quasiuniformity.

A fundamental property of stable one—step integration methods is that the
global error consists of propagated and accumulated local truncation errors.
Thus, controlling the local errors of each individual time step with respect to a
given tolerance leads to a control of the global error. So our objective is to con-
struct efficient computational estimations of the local numerical errors arising
in the temporal and spatial discretization.

In Chapter IV, we discuss our a posteriori error estimators which are based
on the difference of higher and lower order solutions. The classical embedding
technique for ODE integrators is employed to estimate the error in time. An
automatic step size selection procedure ensures that the step size is as large as
possible to guarantee the desired precision. It turns out that a combination of
the standard controller and the PI-controller proposed by GUSTAFSSON et al.
[70] works very well for a large class of problems with a great diversity in the
dynamic behaviour.

To estimate the error in space we extend the hierarchical bases technique to
Rosenbrock schemes. Hierarchical error estimators have been accepted to pro-
vide efficient and reliable assessment of spatial errors for stationary problems
(DEUFLHARD, LEINEN, and YSERENTANT [50], ZIENKIEWICZ et al. [155], BANK
and SMITH [18], BORNEMANN, ERDMANN, and KORNHUBER [34]). They can be
computed locally by small element-by—element calculations. We study the ro-
bustness of our hierarchical error estimator with respect to a stepsize-dependent
norm. By robustness we mean that the estimator yields upper and lower bounds
on the error uniformly in the time step and in the mesh size. First, exact ro-
bustness is proven for one-stage Rosenbrock methods. For higher stage numbers
the special structure of the Rosenbrock methods gives rise to a nonlinear spatial
error transport which strongly influences the whole estimation process. In this
case, the derived estimates are just nearly optimal. A closer discussion, how-
ever, shows that the occuring perturbation terms in general are negligible for



4 INTRODUCTION [CHAP. I

practical computations.

In Chapter V, we discuss practical issues which are useful to implement our
adaptive strategies. The spatial error estimator is used to construct an efficient
and reliable adaptive strategy for an automatic mesh control. A sequence of
improved spatial meshes is built up in order to get a mesh with as few degrees
of freedom as possible such that the computed error is less than the prescribed
tolerance. This approach directly corresponds to the multilevel finite element
technique well established for the adaptive solution of stationary problems (e.g.
DEUFLHARD, LEINEN, and YSERENTANT [50], BORNEMANN, ERDMANN, and
KORNHUBER [33]). However, beginning with a time—{ixed coarse grid at each
time level and using the multilevel technique would be wasteful. For time—
dependent problems, there is often considerable information which can be used
from the optimum grid at the previous time to construct a first approximation
of the desired grid at the advanced time. Thus, an efficient grid removal based
on the same error estimators as used for refinement is applied to determine
where degrees of freedom are no longer needed. Note, that this requires data
structures that allow both grid refinement and robust coarsening.

In Chapter VI, we present illustrative numerical tests including three Rosen-
brock solvers to demonstrate that the theoretical order predictions are indeed
of interest for the numerical practice. For linear parabolic equations, similar
tests can be found in OSTERMANN and ROCHE [108]. The observed temporal
convergence rates nicely correspond to the theoretical values. Optimum con-
vergence order is obtained for the finite element discretization. Furthermore,
we assess the quality of the hierarchical error estimator in terms of the effectiv-
ity index and present some results for the performance of the whole adaptive
algorithm.

The final Chapter VII is dedicated to a series of real-life applications that arise
in today’s chemical industry, semiconductor—device fabrication, and health care.
Usually, apart from a few exceptions it takes ten or more years before the re-
sults of academic research become available in professional practice (BABUSKA
and SzaBO [12]). One way to shorten this transfer is to create one’s own soft-
ware product and to demonstrate that the developed numerical algorithms work
robustly and safely over a wide range of practically relevant problems. The pro-
gram package KARDOS that is based on the stationary solver KASKADE [54]
was coded along the adaptive principles proposed in the theoretical part of this
work.

We have chosen problems that are on one hand of great importance to industry
and on the other hand challenging for numerical solution because information
is highly nonuniformly distributed in space and time. The goal is to impart
the excitement and usefulness of the investigated adaptive approach as a tool
in efficiently solving real-world problems.



I1

The Continuous Problem and Its Discretization
in Time

In this chapter, the nonlinear problem class of parabolic type which will be
studied is introduced in a Hilbert space setting. The main assumptions are
formulated in terms of sectorial operators which are negative infinitesimal gen-
erators of analytic semigroups. They are general enough to cover a huge class
of important applications. Our setting is taken from LUBICH and OSTERMANN
[95], where a rigorous analysis of linearly implicit time discretizations applied to
nonlinear parabolic equations is given. The assumptions are slightly extended
to a family of operators A(t, w(t)), where w(t) is varying in a neighbourhood of
the solution. This allows later the study of spatial projection errors.

Some fundamental examples which fit into the chosen framework are described.
We discuss the close connection to the theory of sesquilinear forms associated
with elliptic operators. This approach provides sufficient conditions for our
assumptions and therefore allows in general an easy check of them.

Working with resolvent bounds instead of Garding’s inequality yields a theo-
retical explanation of the noninteger temporal convergence orders observed for
linearly implicit one—step methods [95]. We summarize known convergence re-
sults up to order three after reviewing the definition of Rosenbrock methods.

§1. Nomnlinear Evolution Problem

We consider the nonlinear initial boundary value problem

du(z,t) = Flz,t,ulx,t)) inQx(0,7],
Bz, t,u(z, t)u(z,t) = gz, t,u(z,t)) on dN x (0,7T], (I1.1)
w(@,0) = wug(z) on Q,

where 0 C R¢, d=1,2 or 3, is a bounded open domain with smooth boundary
90 lying locally on one side of 2, and 7> 0. The boundary operator B stands
for an appropriate system of boundary conditions and has to be interpreted in
the sense of traces. The unknown u is allowed to be vector—valued.

These equations will be considered in a Hilbert space setting. Let

P sds g yds ! (I1.2)
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be a Gelfand triple of separable Hilbert spaces (see also Appendix A§1), where
the antiduality between V and V' is denoted by (-,-). We introduce norms || - ||,
| -] in V and #, induced by the scalar products ((-,-)) and (-,-), respectively.
The dual norm on V' is defined in the usual way by

|-« = sup (- 0). (I1.3)
veV,||v]|=1

We write (I1.1) as an abstract Cauchy problem

S =Ftu(t)), u(0)=u, 0<t<T, (I1.4)

and assume that this equation has a unique, temporally smooth solution u(t)
in V. Here, we suppose that the mapping F : (0,7] x V — V' is sufficiently
differentiable. Setting

At,v) = =F,(t,0(t), QU v(t)) = F(t,v(t)) + A(t,v)v(t), (IL5)

for all v € V, we derive from (IL.4)

Su + A, w)u(t) = Qi u(®), w(0)=wuy, 0<t<T. (11.6)

Equation (I1.6) looks like a quasilinear Cauchy problem, but in general the
nonlinear perturbation @) strongly depends on A making both of the same dif-
ferential order, i.e., Q(¢,u) is only defined for v € V.

We will study this equation in the framework of analytic semigroups [110, 81].
Assume that we are given, for t >0 and w € W C V, a family of linear uniformly
bounded sectorial operators A(t, w) : YV — V' having uniformly bounded inverses
such that

1A W)l vy + 1A w)| ey < Ca (IL7)

with C4 independent of ¢ and w. Since sectorial operators are negative in-
finitesimal generators of analytic semigroups (see Appendix A§4), the Cauchy
problem (I1.6) is said to be parabolic. If we assume, in addition, that a whole
neighborhood of zero is contained in p(—A), then there are time—independent
constants M >0 and ¢ < 7/2 such that for all w € W and for all complex A
with |arg(A)| <7 —¢

B M
(A + A(t, w)) 1||£(V) < m (IL8)

This condition can be interpreted as an abstract ellipticity assumption on the
operator A. It is very general and often satisfied by elliptic partial differential
operators for different function spaces V and W.

To illustrate this, we shall discuss sufficient conditions for (II.7) and (IL.8) in
terms of sesquilinear forms which are very common in the theory of elliptic
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operators. The operators A(t, w) : V— V are associated with the sesquilinear
foma (t,v) onVxYVdefined by the identity

a(twy A(tw)w VEV. (I1.
Let us assume the time- and solution-dependent sesquilinear form a to satisfy
uniformly int G and GW the continuity condition
a(t,v <Mog|]]| V&V, (1110

and the Géarding-type inequality

a(i,u) >"a GV (H.N

with constants M,, >0, and «o independent of t>, w, W, and . Since we
work with finite time intervals, we may consider A + KQI instead of A employing
the classical Garding transformation u(t) := e~*°(t).  Therefore, we can assume
V-ellipticity

a(tv >R GV, (H.12

without any loss of generality, hereafter.

The conditions (11.10) and (11.12) are strongly related to our assumptions (11.7)
and (11.8). In fact, the continuity property is equivalent to the uniform bound-
edness of the operator A, i.e, [M(t*y)iCv, " Ma- Lax-Milgram's theo-
rem reveals further that A is an isomorphism of onto , showing A is
also uniforml  bounded. We have |4(i,w;)||E(',v) < 1/Ra, and therefore
CA M, + l/R. Furthermore, the V-ellipticity of the sesquilinear form a
implies the resolvent bound (11.8) (see [ ] 88, [110] 8§87., [90, 41]).

For our analysis including the study of discretization errors, it is suitable to

impose the Lipschitz continuity of A(tw() in the £(V Vnorm. We
assume that
WA(tw(t (tu(tflecv,v') (11.3)

It iswell-known that (11.13) and (11.8) with u(t) GW guarantees the existence
and uniqueness of the solution of the Cauchy problem (11.) in the homogeneous
case [110 ]

We make the following regularity assumptions on the second derivatives of the
nonlinear function XV -

*I(M)t]| foraUuGV (11.9)
(t, v vV \ \\ fordl v GV (11.5)



